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All terminology used in the above network equations are explained, and the above equations
are formulated in rigorous manner through the model. The bar, ¯ , representing the negation
operation is one of the main sources of complexity and non-linearity in the equations at the
expense of that the states and input variables show up in the network evolution equations
explicitly and individually, either in x and u or in wx and wu, alternatively.

Note that structure matrix term as used in this paper pertains to the Boolean network
as a whole, and it is different from the similar term in [5] where it is mainly used to obtain
network update rules in matrix form. While both concepts of structure matrix lead to algebraic
state, input and output equations for Boolean networks, structure matrix termed in this paper
is conceptually different and describes the inner features of the overall network.

Section 4 elaborates on different forms of the representations of Boolean networks and re-
sulting structural relations amongst the different forms. We report on the properties of Boolean
networks in terms of structure matrices, such as their steady states, spectral and stability prop-
erties. Feedback concepts are also considered, and the effect of state feedback is investigated as
an integral part of feedback design problem for networks. Section 4 is also devoted to system
theoretic considerations such as controllability, observability, stability, and feedback concepts in
Boolean Networks. We briefly elaborate on these considerations demonstrating how the results
presented in this paper can be used to derive the criteria to determine whether these properties
exist in a given Boolean network.

In Section 5, some follow up research topics are summarized as continuation of the work
presented in the paper.

2 Boolean Variables, Vectors, Matrices, and Equations

We first present below several operational facts on Boolean variables, vectors, matrices, and
equations to prepare for the model structure and network equations in later sections.

Boolean Variables
A Boolean variable takes values from a binary set B ∈ {0, 1}. Let a and b be two scalar

variables in B. Then, noting that ā is the Boolean negation of variable a, the truth table of
Table 1 can be used to easily verify that

1. a ≥ b if and only if āb = 0;

2. a ≤ b if and only if ab̄ = 0;

3. a = b if and only if āb+ ab̄ = 0.

a b ā b̄ āb ab̄ āb+ ab̄
0 0 1 1 0 0 0
0 1 1 0 1 0 1
1 0 0 1 0 1 1
1 1 0 0 0 0 0

Table 1: Truth Table

Boolean Vectors

Definition 2.1. Let a, b ∈ Bq be two vectors with their i-th entries ai and bi. Then, a = b
when ai = bi; a ≤ b when ai ≤ bi; and a ≥ b when ai ≥ bi,∀i = 1, . . . , q.
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