
N(P, Ṗ) = N(y, ẏ)+ p(y)

N(y, ẏ) is a coriolis / centripetal matrix can be written as:

R(y, ẏ) =
[

r11

r21

r12

r22

]
(12)

r11 = r12 = 0
r12 =−[(2m1−3λ1−λ2)y2 +(2m1−3λ1−λ2)

C(y)2 + J1 + J2]ẏ/(2C(y)3

r22 = [(2m2−3λ2−λ1)y2 +(2m2−3λ2−λ1)

C(y)2 + J1 + J2]ẏ/(2C(y)3

p(y) is a vector containing gravity torques can be written
as:

p(y) =
(

(gC(y)(m+λ1 +λ2))/2y
(−gC(y)(m+λ1 +λ2))/2y

)
(13)

III. CONTROLLER DESIGN

Backstepping is a recursive procedure that guarantees
asymptotic stability by interlacing the choice of a Lyapunov
function with the design of feedback control [28].

In this section the control low based on sliding mode
control based on Backstepping approach is applied on the
direct dynamic model in operational space of 2DoF planar
parallel manipulator Biglide type. The results obtained by
Backstepping controller were compared to results of PID and
Sliding mode control presented by [27].

Using the backstepping approach as recursive algorithm for
the control-law synthesis, we simplify all the stages of calcu-
lation concerning the tracking error and Lyapunov function in
the fallowing way.

ei =

{
xir− xi/i ∈ {1,3,5,7,9,11}
xi− ẋ(i−1)r− k(i−1)e(i−1)/i ∈ {2,4,6,8,10,12} (14)

with ki > 0

vi =

{ 1
2 e2

i /i ∈ {1,3,5,7,9,11}
v(i−1)+

1
2 s2

i /i ∈ {2,4,6,8,10,12} (15)

We use the backstepping algorithm to develop the control
allowing the system to follow the desired trajectories (x,y);
in fact the algorithm backstepping is described step by step
in following. For the first step we consider the tracking-error
about x position

e1 = xr− x (16)

Frome (10) the equation of direct dynamic model is given by

P̈ = M(P)−1 [
Γ−N(P, Ṗ)

]
(17)

where P = [x,y]T is output trajectory position of the end-
effector. The derivative equation of tracking-error (16) is
computed as

ė1 = ẋr− ẋ (18)

We substituting the equation (16) and (18) in the Lyapunov
function. Using the Lyapunov function as

V (e1) =
1
2

e2
1 (19)

thus
V̇ (e1) = e1ė1 = e1 (ẋr− ẋ2) (20)

The stabilization of e1 can be obtained by introducing a virtual
control input x2d such that

x2d = ẋr + k1e1 (21)

with k1 > 0
ẋ2d = ẍr + k1ė1 (22)

Equation (21) is then

V̇ (e1) =−k1e2
1 (23)

For the second step we consider variable change by making
the dynamic of sliding surfaces, so from (14) we define

S1 = ẋ− ẋr− k1e1 (24)

The derivative of S1 is written as

Ṡ1 = ẍ− ẍr− k1ė1 (25)

We consider the augmented Lyapunov function

V (e1,S1) =
1
2
(
e2

1 +S2
1
)

(26)

The derivative of equation (26) is calculated as

V̇ (e1,S1) =
(
e1ė1 +S1Ṡ1

)
(27)

The chosen law for attractive surface is the time derivative of
(21) satisfying(SṠ < 0).

Ṡ1 =−q1sat (S1)−a1 (S1)
= ẍ− ẍr− k1ė1

(28)

ẍ = ẍr− k1ė1−q1sat (S1)−a1 (S1) (29)

We consider the same steps for developing a law control to
follow y desired trajectory.

ÿ = ÿr− k2ė2−q2sat (S2)−a2 (S2) (30)

Substituting equation (29) and (30) in (10) we obtain the
equations of control law as

Γ = M (P)ψ +N
(
P, Ṗ
)

(31)

where ψ =

[
ẍr− k1ė1−q1sat (S1)−a1 (S1)
ÿr− k2ė2−q2sat (S2)−a2 (S2)

]
Γ = [ Γ1 Γ2 ] is the vector of control signal.

Stability analysis is proved using Lyapunov theory as

V =
1
2
(
e2

1 +S2
1
)

(32)

where
S1 = ẋ− ẋr− k1e1 (33)

Substituting equation (18) in (34) we obtain

ė1 =−S1− k1e1 (34)

Using the time derivative of Lyapunov theory its trajectory
yields

V̇ =
(
e1ė1 +S1Ṡ1

)
(35)

will cause
V̇ =−k1e2

1−a1S2
1−q1 |S1| ≤ 0 (36)

with
Ṡ1 =−q1sat (S1)−a1 (S1) (37)
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